Abstract. We show that every countable direct system of finite-dimensional real or complex Lie groups has a direct limit in the category of Lie groups modelled on locally convex spaces. This enables us to push all basic constructions of finite-dimensional Lie theory to the case of direct limit groups. In particular, we obtain an analogue of Lie's third theorem: Every countable-dimensional locally finite real or complex Lie algebra arises as the Lie algebra of some regular Lie group (a suitable direct limit group).
Introduction
In this paper, we develop the foundations of Lie theory for countable direct limits of finite-dimensional Lie groups. For the purposes of this introduction, consider an ascending sequence G 1 ⊆ G 2 ⊆ · · · of finite-dimensional real Lie groups, such that the inclusion maps are smooth homomorphisms. Then G := n∈N G n is a group in a natural way, and it becomes a topological group when equipped with the final topology with respect to the inclusion maps G n → G ( [20] , [32] ). A simple example is GL ∞ (R), the group of invertible matrices of countable size, differing from the unit matrix at only finitely many places. Here GL ∞ (R) = n GL n (R), where GL 1 (R) ⊆ GL 2 (R) ⊆ · · · identifying A ∈ GL n (R) with diag(A, 1) ∈ GL n+1 (R). Our goal is to make G = n G n a (usually infinite-dimensional) Lie group, and to discuss the fundamental constructions of Lie theory for such groups. G n = G is a local homeomorphism at 0), the map exp G restricts to a chart making G a Lie group (see [27] , [28] and [29, Appendix] ). This method applies, in particular, to GL ∞ (R) and other direct limits of linear Lie groups. It produces Lie groups which are not only smooth, but real analytic in the sense of convenient differential calculus [10, Rem. 6.5] . It is also known that every Lie subalgebra of gl ∞ (R) := lim −→ gl n (R) integrates to a subgroup of GL ∞ (R) [23, Thm. 47.9] ; this provides an alternative construction of the Lie group structure on various direct limit groups. But neither of these methods is general enough to tackle arbitrary direct limits of Lie groups. In particular, examples show that exp G need not be injective on any 0-neighbourhood [10, Example 5.5] . Therefore a general construction of a Lie group structure on G = n G n cannot make use of exp G .
A general construction principle. In [10] , a smooth Lie group structure on G = n G n was constructed in the case where all inclusion maps are embeddings (for "strict" direct systems). Strict direct limits of Lie groups are discussed there as special cases of direct limits of direct sequences M 1 ⊆ M 2 ⊆ · · · of finite-dimensional smooth manifolds and embeddings onto closed submanifolds. To make M := n M n a smooth manifold, one starts with a chart φ n 0 of some M n 0 and then uses tubular neighbourhoods to extend φ n already constructed (possibly restricted to a smaller open set) to a chart φ n+1 of M n+1 . Then lim −→ φ n is a chart for M. In the present article, we generalize this construction principle in two ways. First, we are able to remove the strictness condition. This facilitates to make n M n a smoothly paracompact, smooth manifold, for any ascending sequence of paracompact, finite-dimensional smooth manifolds and injective immersions (Theorem 3.1, Proposition 3.6). Second, we generalize the method from the case of smooth manifolds over R to the case of real-and complex analytic manifolds (Theorem 3.1, Proposition 3.8). This enables us to turn G := n G n into a real analytic Lie group in the sense of convenient differential calculus, resp., a complex Lie group, for any ascending sequence of finite-dimensional real or complex Lie groups (Theorem 4.3).
1 Each direct limit group G is regular in the convenient sense (the argument from [23, Thm. 47.8] carries over). Moreover, G is a regular Lie group in Milnor's sense (Theorem 8.1): this is much harder to prove.
Lie theory for direct limit groups. Despite the fact that exp G need not be wellbehaved, all of the basic constructions of finite-dimensional Lie theory can be pushed to the case of direct limit groups G = n G n . Thus, subgroups and Hausdorff quotient groups are Lie groups (Propositions 7.2 and 7.5), a universal complexification G C exists (Proposition 7.13), subalgebras of L(G) integrate to analytic subgroups (Proposition 7.11), and Lie algebra homomorphisms integrate to group homomorphisms in the expected way (Proposition 7.10). Furthermore (Theorem 5.1), every locally finite real or complex Lie algebra of countable dimension is enlargible, i.e., it arises as the Lie algebra of some Lie group (a suitable direct limit group). Such Lie algebras have been studied by Yu. Bahturin, A. A. Baranov, I. Dimitrov, K.-H. Neeb, I. Penkov, H. Strade, N. Stumme, A. E. Zalesskii, and others. If H ⊆ G is a closed subgroup, then H is a conveniently real analytic (c ω R -) submanifold of G. Furthermore, the homogeneous space G/H can be given a c ω R -manifold structure making π : G → G/H a c ω R -principal bundle (Proposition 7.5). Similar results are available for complex Lie groups. We remark that special cases of complexifications and homogeneous spaces of direct limit groups have already been used in [29] and [35] , in the context of a Bott-Borel-Weil theorem, resp., direct limits of principal series representations. Universal complexifications of "linear" direct limit groups G ⊆ GL ∞ (R) have been discussed in [8] , in the framework of BCH-Lie groups. For some special examples of direct limit manifolds of relevance for algebraic topology, see [23, §47] .
Variants. Although our main results concern the real and complex cases, some of the constructions apply just as well to Lie groups over local fields (i.e., totally disconnected, locally compact, non-discrete topological fields, such as the p-adic numbers), and are formulated accordingly. Readers mainly interested in the real and complex cases are invited to read "K" as R or C, ignore the definition of smooth maps over general topological fields, and assume that all Lie groups are modelled on real or complex locally convex spaces.
Convenient differential calculus.
Our source for Convenient Differential Calculus is [23] , and we presume familiarity with the basic ideas. The smooth maps and manifolds from convenient calculus will be called c 
c -theory and analytic maps. Let E and F be locally convex spaces over K ∈ {R, C}, U ⊆ E be open and f : U → F be a map. If K = R and r ∈ N 0 ∪ {∞}, then f is called C r R if it is continuous and, for all k ∈ N 0 such that k ≤ r, the iterated directional
exist for all x ∈ U and y 1 , . . . , y k ∈ E, and define a continuous map
C , or complex analytic, if it is continuous and given locally by a pointwise convergent series of continuous homogeneous polynomials [3, Defn. 5.6] . If K = R, we call f real analytic or C ω R if it extends to a complex analytic map between open subsets of the complexifications of E and F . See [25] , [26] , or [9] for further information (also concerning the corresponding smooth and K-analytic Lie groups and manifolds).
1.4 General differential calculus. Let E and F be (Hausdorff) topological vector spaces over a non-discrete topological field K, U ⊆ E be open, and f : U → F a map. According to [2] , f is called C 1 K if it is continuous and there exists a (necessarily unique) continuous map f [1] :
where (I, ≤) is a directed set, each X i an object of A, and each φ i,j : X j → X i a morphism ("bonding map") such that φ i,i = id X i and
S. If the bonding maps and "limit maps" φ i are understood, we simply call X the direct limit of S and write X = lim
is a direct system over I and (Y, (ψ i ) i∈I ) a cone over T , we call a family (η i ) i∈I of morphisms η i :
If there is a compatible family (η i ) i∈I with each η i an isomorphism, S and T are called equivalent. Then S has a direct limit if and only if so does T ; in this case, lim −→ η i is an isomorphism. Every countable direct set has a cofinal subsequence, whence countable direct systems can be replaced by direct sequences, viz. I = (N, ≤).
1.6 Direct limits of sets, topological spaces, and groups. If S = ((X i ) i∈I , (φ i,j ) i≥j ) is a direct system of sets, write (j, x) ∼ (k, y) if there exists i ≥ j, k such that φ i,j (x) = φ i,k (y); then X := i∈I X i / ∼, together with the maps φ i :
, is the direct limit of S in the category of sets. Here X = i∈I φ i (X i ). If each φ i,j is injective, then so is each φ i , whence S is equivalent to the direct system of the subsets φ i (X i ) ⊆ X, together with the inclusion maps. This facilitates to replace injective direct systems by direct systems in which all bonding maps are inclusion maps. If S := ((X i ) i∈I , (φ i,j )) is a direct system of topological spaces and continuous maps, then the direct limit (X, (φ i ) i∈I ) of the underlying sets becomes the direct limit in the category of topological spaces and continuous maps if we equip X with the DL-topology, the final topology with respect to the family (φ i ) i∈I . Thus U ⊆ X is open if and only if φ −1 (U) is open in X i , for each i. If S is strict in the sense that each φ i,j is a topological embedding, then also each φ i is a topological embedding [28, La. A.5]. If ((G i ) i∈I , (φ i,j ) i≥j ) is a direct system of groups and homomorphisms, then the direct limit (G, (φ i ) i∈I ) of the underlying sets becomes the direct limit in the category of groups and homomorphisms when equipped with the unique group structure making each φ i a homomorphism; the group inversion and multiplication on G are lim −→ κ i and lim −→ µ i , in terms of those on the G i 's.
For further information concerning direct limits of topological groups and topological spaces, see [10] , [18] , [20] , and [32] . Lemma 1.7 Let X 1 ⊆ X 2 ⊆ · · · be an ascending sequence of topological spaces such that the inclusion maps are continuous; equip X := n∈N X n with the final topology with respect to the inclusion maps λ n : X n → X (the DL-topology). Then the following holds:
U n coincides with the topology induced by X.
(c) If each X n is locally compact, then X is Hausdorff.
n ({x}) is either {x} or empty, hence closed in the T 1 -space X n . Hence {x} is closed in X.
(b) and (c): This is proved in [18, Prop. 4.1 (ii)] and [10, La. 3.1] for strict direct sequences, but the strictness is not used in the proofs.
(d) If not, for each n we find x n ∈ K \ X n . Then D := {x n : n ∈ N} ⊆ K is closed in X (and thus compact), as D ∩ X n is finite and thus closed, for each n. On the other hand,
(D ∩ X n ) for the topology induced by X, as D is closed in X. Now D ∩ X n being discrete, this entails D is discrete and hence finite (being also compact). Contradiction. 2 1.8 Let E be a countable-dimensional vector space over a non-discrete, locally compact topological field K (e.g., K = R or C). Then the finest vector topology on E is locally convex and coincides with the so-called finite topology, the final topology with respect to the inclusion maps F → E, where F ranges through the set of finite-dimensional vector subspaces of E (and F is equipped with its canonical Hausdorff vector topology). Thus, the finite topology on E is the DL-topology on E = lim −→ F . See [10] and the references therein for these standard facts. The space
K n of finite sequences will always be equipped with the finite topology. We shall frequently identify K n with the subspace K n × {0} of K ∞ , and
Lemma 1.9 Let K be R, C or a local field, and E be a K-vector space of countable dimension, equipped with the finite topology. Let E 1 ⊆ E 2 ⊆ · · · be an ascending sequence of vector subspaces of E such that n∈N E n = E, and U n ⊆ E n be open subsets such that
Then the following holds: Proof. (a) 2 We may assume r < ∞. Lemma 1.7 (b) settles the case r = 0. If r ≥ 1,
n . The product topology on E × E × K is the finite topology (cf. [10, Prop. 3.3] ) and hence induces on U [1] the topology making it the direct limit topological space
n (Lemma 1.7 (b)). By induction, the cone (F, (f
n . As g is continuous and extends the difference quotient map, f is C
an open relatively compact neighbourhood J ⊆ R of t 0 . Then γ(J) ⊆ U n for some n by Lemma 1.7 (d), and thus γ| J is c ω R if so is f | Un . The remainder is now obvious.
2 
for all x ∈ U 1 , and such that V 2 ⊆ M 2 is relatively compact and contractible.
Proof. Because C := V 1 ⊆ M 1 is compact, the map λ| C is a topological embedding. Now V 1 being open in C, we deduce that 2 For K = R and locally convex F , see also [10] , lines preceding La. 4.1. This implies the claim for K = C, r = ∞, F locally convex because then f is C Thm. IV.5.1], V 1 admits a smooth tubular neighbourhood in W , i.e., there exists a C ∞ Rdiffeomorphism ψ : V 2 → P from some open neighbourhood V 2 of V 1 in W onto some open neighbourhood P of the zero-section of some smooth vector bundle π : E → V 1 over V 1 , such that ψ| V 1 = id V 1 (identifying V 1 with the zero-section of E). Real analytic case: Being σ-compact, W is C ω R -diffeomorphic to a closed real analytic submanifold of R k for some k ∈ N 0 (see [16, Thm. 3] ), whence W admits a real analytic Riemannian metric g. Using the real analytic Riemannian metric, the classical construction of tubular neighbourhoods provides a real analytic tubular neighbourhood ψ :
In either case, after shrinking V 2 and P , we may assume that P is balanced, i.e., [−1, 1]P ⊆ P (using the scalar multiplication in the fibres of E). Being a vector bundle over a contractible, σ-compact base manifold, E is trivial. This is well-known in the smooth case [21, Cor. 4.2.5] . For the real analytic case, note that E is associated to a real analytic GL(F )-principal bundle over the σ-compact, contractible C ω R -manifold V 1 , where [1] and [17] ).
By the preceding, we find an isomorphism of smooth (resp., real analytic) vector bundles
To see that V 2 is contractible, we only need to show that so is P , as V 2 and P are homeomorphic. Let H : [0, 1] × V 1 → V 1 be a homotopy from id V 1 to a constant map. The map [0, 1] × P → P , (t, x) → (1 − t)x (which uses scalar multiplication in the fibres) is a homotopy from id P to π| P . The map [0, 1] × P → P , (t, x) → H(t, π(x)) is a homotopy from π| P to a constant map. Thus id P is homotopic to a constant map and thus P is contractible. 2 Definition 2.2 Let K be R, C or a local field, and |.| be an absolute value on K defining its topology. Given n ∈ N 0 and r > 0, we let
be the n-dimensional polydisk of radius r around 0. If we wish to emphasize the ground field, we also write ∆ If K is a local field, we define C The case of smooth or analytic manifolds over K = R. We equip M 1 := φ(∆ n r ) with the smooth (resp., real analytic) manifold structure making φ|
is a mapping with the required properties.
is an embedding of complex manifolds, and hence so is f : ∆ 
(resp., its restriction to ∆ m s ) is the required chart for M. 2
Direct limits of finite-dimensional manifolds
Let K be R, C or a local field. Throughout this section, we let S :
We let (M, (λ i ) i∈I ) be the direct limit of S in the category of topological spaces, and abbreviate s := sup{dim K (M i ) : i ∈ I} ∈ N 0 ∪ {∞}. Our goal is to make M a manifold, and study its basic properties. 
Proof. After passing to a cofinal subsequence of an equivalent direct system (cf. 1.6), we may assume without loss of generality that I = N, M 1 ⊆ M 2 ⊆ · · · , and that the immersion λ n,m is the inclusion map for all n, m ∈ N such that n ≥ m. We let M := n∈N M n , equipped with the final topology with respect to the inclusion maps λ n :
) in the category of topological spaces. We abbreviate
Let A be the set of all maps φ : P n in the category of topological spaces, whence φ is continuous. Because each φ n is injective, also φ is injective, and furthermore φ is surjective, by definition of
Thus φ is an open map. We have shown that φ is a homeomorphism.
We claim that A is a C ∞ K -atlas for M. We first show that φ∈A Q φ = M. To this end, let x ∈ M. Then there exists ℓ ∈ N 0 such that x ∈ M ℓ . Define r n := 1 + 2 −n for n ∈ N. We let φ n : P n → Q n be the chart of M n with P n := Q n := ∅, for all n < ℓ. We pick a chart
Compatibility of the charts. Assume that φ := lim −→ φ n : P φ → Q φ and ψ := lim −→ ψ n : P ψ → Q ψ are elements of A, where φ n : P n → Q n and ψ n : A n → B n . Suppose that
open neighbourhood of x. As x was arbitrary, τ is C ∞ K and the same reasoning shows that so is τ
Each λ n is smooth. To see this, assume that n ∈ N and x ∈ M n . As just shown, there exists a chart φ :
s is the inclusion map and hence smooth, and its differential at x is injective. Hence λ n is smooth on the open neighbourhood Q n of x, and T x (λ n ) is injective. As x was arbitrary, λ n is smooth.
Direct limit property and uniqueness. Convention. Throughout the remainder of this section, M will be equipped with the C ∞ Kmanifold structure just defined. In the proofs, we shall always reduce to the case where I = N and M 1 ⊆ M 2 ⊆ . . . (by the above argument), without further mention.
Proof. Let A be the C ∞ K -atlas of M described in the proof of Theorem 3.1. Given a non-discrete closed subfield F ⊆ K, let A F be the corresponding atlas obtained when considering each
is open in M and the topology induced by M on U makes U the direct limit lim −→ U n (Lemma 1.7 (b)). We define an atlas A U for U turning U into the direct limit of the C ∞ Kmanifolds U n , analogous to the definition of A in the proof of (a). Then A U ⊆ A, whence (U, A U ) coincides with U, considered as an open submanifold of M.
2
where r ∈ N 0 ∪ {∞} and X is a C r K -manifold modelled on a metrizable topological K-vector space E (or a metrizable, locally path-connected topological space, if r = 0). Then every x ∈ X has an open neighbourhood S such that f (S) ⊆ λ i (M i ) for some i ∈ N and such that λ
Proof. Let x ∈ X. The assertion being local, in the case of manifolds we may assume that X is an open subset of E. Choose a metric d on X defining its topology, and
is not a neighbourhood of x for any n ≥ k, we find
Proof. Given x ∈ M n , we let C and C m be its connected component in M and M m , respectively, for m ≥ n. Then m≥n C m ⊆ C. If z ∈ C, then we find a continuous curve γ : [0, 1] → M such that γ(0) = x and γ(1) = z. Since [0, 1] is compact, using Proposition 3.4 we find m ≥ n such that γ([0, 1]) ⊆ M m , and such that γ| Proof. Assume that K = R. In order that M be smoothly paracompact, we only need to show that every connected component C of M is smoothly paracompact. Pick c ∈ C. We may assume that c ∈ M 1 after passing to a cofinal subsystem; we let C n the connected component of c in M n for each n ∈ N. Then n∈N C n is the connected component of c in M (see Proposition 3.5) and hence coincides with C; furthermore, C = lim −→ C n , by Proposition 3.3. After replacing M with C and M n with C n for each n, we may assume that each M n is a connected, paracompact finite-dimensional C ∞ R -manifold and hence σ-compact. This entails that M = n∈N M n is σ-compact and therefore Lindelöf. Hence, by [23, Thm. 16 .10], M will be smoothly paracompact if we can show that M is smoothly regular in the sense that, for every x ∈ M and open neighbourhood Ω of x in M, there exists a smooth function ("bump function") f : M → R such that f (x) = 0 and f | M \Ω = 0.
If each λ n,m is a topological embedding onto a closed submanifold, then M is a regular topological space (see [18, Prop. 4.3 (ii)]), whence smooth regularity passes from the modelling space 3 to M (cf. [10, proof of Thm. 6.4]). In the fully general case to be investigated here, we do not know a priori that M is regular, whence we have to prove smooth regularity of M by hand. Essentially, we need to go once more through our construction of charts and build up bump functions step by step. Let x ∈ M and Ω be an open neighbourhood of x in M. Passing to a co-final subsequence, we may assume that x ∈ M 1 .
Let r n := 1 + 2 −n for n ∈ N and ∆
There exists a smooth function
, and it does not meet the compact subset
(which is mapped into Q 1 by ψ 2 ). Hence, there exists
(where . 2 is the euclidean norm on
Proceeding in this way, we find charts ψ n : ∆ dn rn → W n ⊆ M n with relatively compact image W n ⊆ Ω, compact subsets K n,j of M n with union M n such that W n ⊆ K n,1 , K n,j ⊆ K 0 n,j+1 and K n−1,j ⊆ K 0 n,j for all n, j ∈ N, n ≥ 2; and smooth maps f n : M n → R such that supp(f n ) ⊆ Q n := ψ n (∆ dn 1 ) and f n+1 | Kn,n = f n | Kn,n for all n ∈ N, whence f m | Kn,n = f n | Kn,n for all n, m ∈ N such that m ≥ n.
Let U n be the interior
U n as a smooth manifold by Proposition 3.3. By (1), the smooth maps f n | Un form a cone and hence induce a smooth map f : M → R, such that f | Un = f n | Un for each n ∈ N. Then f (x) = f 1 (x) = 1. If y ∈ M \ Ω, we find n ∈ N such that y ∈ U n . Then f (y) = f n (y) = 0 because supp(f n ) ⊆ Q n ⊆ W n ⊆ Ω. Hence f is a bump function around x carried by Ω, as desired. Thus M is smoothly paracompact.
Direct limit properties when K ∈ {R, C}. Since M (resp., its underlying real manifold) is smoothly regular, M is smoothly Hausdorff, i.e., C 2
Proof. Let e n := dim K (N n ) and t := sup{e n : n ∈ N}. The natural map ζ : Remark 3.9 For the singular homology groups of M over a commutative ring R, we have
, as a consequence of Proposition 3.4 (and Proposition 3.5). Likewise, given ℓ ∈ I and x ∈ M ℓ , for the homotopy groups we have
Direct limits of finite-dimensional Lie groups
Let K be R, C or a local field, and S := ((G i ) i∈I , (λ i,j ) i≥j ) be a countable direct system of finite-dimensional C ∞ K -Lie groups G i and C ∞ K -homomorphisms λ i,j : G j → G i ; if char(K) > 0, we assume that each λ i,j is an injective immersion. In this section, we construct a direct limit Lie group for S, and discuss some of its properties. Associated injective quotient system. If K = R (or if char(K) > 0, in which case we obtain trivial subgroups), we let N j := i≥j ker λ i,j for j ∈ I. If K is a local field of characteristic 0, we let N j = i≥j ker λ i,j for j ∈ I and note that N j is locally closed and hence closed in G j , because G j has an open compact subgroup U which satisfies an ascending chain condition on closed subgroups. If K = C, we let N j ⊆ G j be the intersection of all closed complex Lie subgroups S of G j such that i≥j ker λ i,j ⊆ S. Then N j is a complex Lie subgroup of G j (as G j satisfies a descending chain condition on closed, connected subgroups), and thus N j is the smallest closed, complex Lie subgroup of G j containing i≥j ker λ i,j . By minimality, N j is invariant under inner automorphisms and hence a normal subgroup of G j .
Then, in either case, there is a uniquely determined K-Lie group structure on G j := G j /N j which makes the canonical quotient homomorphism q j : 4 Slightly more generally, to establish Theorem 4.3 for char(K) > 0, it would be enough to assume that that G j /N j admits a C ∞ K -Lie group structure for each j ∈ I which makes the quotient map G j → G j /N j a submersion, where N j := i≥j ker λ i,j , and that the induced homomorphisms G j /N j → G i /N i be immersions, for all i ≥ j. 
in the category of locally convex K-vector spaces (and in the categories of sets, K-Lie algebras, topological spaces, topological K-Lie algebras, topological K-vector spaces, and C ∞ K -manifolds; also in the category of c Proof. (a) Let (G, (λ i ) i∈I ) be a direct limit for S in the category of topological groups; then (G, (λ i ) i∈I ) = lim −→ S also in the categories of sets, groups, and topological spaces [32, Thm. 2.7] . Thus Theorem 3.1 provides a C ∞ K -manifold structure on G making (G, (λ i ) i∈I ) a direct limit of S in the category of C ∞ K -manifolds modelled on topological K-vector spaces, and also in the category of C ∞ F -manifolds, for every non-discrete closed subfield F ⊆ K (Proposition 3.2). Let θ : G → G, g → g −1 and θ i : G i → G i be the inversion maps; let µ : G × G and µ i : 
Determination of the Lie algebra of
is a countable, strict direct system of Lie algebras. We recall from [10] or [20] that T has a direct limit (g, (φ i ) i∈I ) in the category of topological K-Lie algebras; here g carries the finite topology (see 1.8), each φ i is injective, and (g, (φ i ) i∈I ) = lim −→ T also holds in the categories of sets, K-Lie algebras, topological spaces, topological K-vector spaces, and locally convex topological K-vector spaces. By Lemma 1.9 (a), furthermore (g, (φ i ) i∈I ) = lim 
form a cone over T and hence induce a continuous Lie algebra homomorphism Λ :
where γ : U → G is a smooth map on an open 0-neighbourhood U ⊆ K, such that γ(0) = 1. By Proposition 3.4, after shrinking U we may assume that γ(U) ⊆ λ i (G i ) for some n ∈ N, and that γ = λ i • η for some smooth map η : 
is a cone over S. Given j ∈ I, for any i ≥ j we then have f j = f i • λ i,j and thus ker λ i,j ⊆ ker f j , entailing that i≥j ker λ i,j ⊆ ker f j . In the situation of (b), this means that N j ⊆ ker f j . In the situation of (c), we assume that H is modelled on a complex locally convex space. Then ker f j is a complex Lie subgroup of G j (Lemma 4.4), which contains i≥j ker λ i,j ; hence also N j ⊆ ker f j in (c). In any case, we deduce that f j = f j • q j for a homomorphism f j : G j → H, which is C ∞ K because q j admits smooth local sections. Then ((f i ) i∈I , H) is a cone over S and hence induces a unique C
for each i ∈ I, and clearly f is determined by this property. Thus (G, (λ i ) i∈I ) = lim −→ S in the category of C ∞ K -Lie groups. In the situation of (b), the universal property of direct limit in the other categories of interest can be proved by trivial adaptations of the argument just given.
(d) To establish the first assertion, we may assume that I = N, and after replacing S by a system equivalent to S we may assume that
is a smooth curve, then for each k ∈ Z, there exists n k ∈ N such that the relatively compact set
To see that evol
) be a smooth curve. Given t 0 ∈ R, let U ⊆ R be a relatively compact neighbourhood of t 0 . We show that evol [7] ), σ(U)([−1, 2]) is a compact subset of L(G) and hence contained in L(G n ) for some n ∈ N, by Lemma 1.7 (d). We now consider
Then τ is smooth, because the restriction map
is continuous linear, and 
Given X ∈ k, the map f : C → H, f (z) := φ(exp G (zX)) is complex analytic and f | R = 1, whence f = 1 by the Identity Theorem. Hence CX ⊆ k, whence k is a complex Lie subalgebra of L(G). Therefore K is a complex Lie subgroup [4, Ch. III, §4.2, Cor. 2]. 2 Remark 4.5 (a) In the situation of Remark 4.2, the direct system ((C × ) n∈N , (σ) n≥m ) has the direct limit R in the category of real Lie groups, whereas its direct limit in the category of complex Lie groups is the trivial group. Hence the conclusions of Theorem 4.3 (a) become false in general if we replace the injective quotient system S by a non-injective system S. Also note that lim
(b) If each λ i,j is injective, then the direct systems S and S are equivalent, whence Theorem 4.3 (a) remains valid when S is replaced with S and all bars are omitted.
Proposition 4.6 Assume that ((G
is a countable direct system of finitedimensional Lie groups over K ∈ {R, C} and injective C ∞ K -homomorphisms, with direct limit (G, (λ i ) i∈I ). Then the following holds:
n holds and
T for a direct system T = ((H i ), (µ i,j )) of finite-dimensional K-Lie groups and injective C ∞ K -homomorphisms, and assume that f i : 
Now suppose that h : G → H is a continuous homomorphism. We may assume that I = N and G 1 ⊆ G 2 ⊆ . . ., H 1 ⊆ H 2 ⊆ · · · . After replacing G by its identity component G 0 , we may assume that each G n is connected. Using Proposition 3.4, we find m(n) ∈ N such that h(G n ) ⊆ H m(n) , and such that h n := h| H m(n) Gn is continuous and hence C ω R . We may assume that m(1) < m(2) < · · · ; after passing to a cofinal subsequence of the H n 's, without loss of generality m(n) = n for each n. Thus h = lim
Remark 4.7 (a) The exponential map of a direct limit group need not be well-behaved, as the example
Here exp G fails to be injective on any 0-neighbourhood, and the exponential image im(exp G ) is not an identity neighbourhood in G [10, Example 5.5].
(b) As a consequence of (a), also the exponential map exp H of the complex analytic Lie Proof. As g is locally finite and dim K (g) ≤ ℵ 0 , there is an ascending sequence g 1 ⊆ g 2 ⊆ · · · of finite-dimensional subalgebras of g, with union g. For each n ∈ N, let G n be a simply connected K-Lie group with Lie algebra L(
We shall presently show that, for each n, the normal subgroup K n := m≥n ker φ m,n of G n is discrete. Hence, by Theorem 4.3, G is a c
Each K n is discrete: We show that the closure N n := K n ⊆ G n is discrete. The homomorphism φ m,n has discrete kernel for all m, n ∈ N with m ≥ n, because L(φ m,n ) = κ m,n is injective. Now ker φ m,n being a discrete normal subgroup of the connected group G n , it is central. This entails that N n ⊆ Z(G n ), for each n, whence (N n ) 0 ⊆ Z(G n ) 0 is a vector group being a connected closed subgroup of a vector group (Lemma 5.2). It is obvious from the definitions that φ m,n (K n ) ⊆ K m for all m ≥ n, whence φ m,n (N n ) ⊆ N m and φ m,n ((N n ) 0 ) ⊆ (N m ) 0 . Being a continuous homomorphism between vector groups, ψ m,n := φ m,n | (Nm) 0 (Nn) 0 is real linear. Hence, being a real linear map with discrete kernel, ψ m,n is injective. Thus (N n ) 0 = m≥n ker ψ m,n = {1}, whence N n is discrete.
Here, we used the following fact: 
Extension of sections in principal bundles
We prove a preparatory result concerning sections in principal bundles, which will be used later to discuss closed subgroups and homogeneous spaces of direct limit groups.
, the principal bundle π 2 , λ, Λ, φ 1 and σ 1 are real analytic, then also φ 2 and σ 2 can be chosen as real analytic maps.
s is paracompact and contractible (this is a well-known fact, which can be proved exactly as [21, Cor. 4 
.2.5]). If
is σ-compact and contractible, E 2 | U 2 is trivial as a topological G-principal bundle and therefore also as a real analytic G-principal bundle, by injectivity of ϑ in [33, Teorema 5] .
By the preceding, in either case, we find a C ∞ K (resp., real analytic) trivialization θ :
R -section) with the required properties. 2
Fundamentals of Lie theory for direct limit groups
In this section, we develop the basics of Lie theory for direct limit groups. Throughout the following, G 1 ⊆ G 2 ⊆ · · · is an ascending sequence of finite-dimensional Lie groups over K ∈ {R, C}, such that the inclusion maps λ n,m : G m → G n are C Proof. We equip H n with the finite-dimensional C ω K -Lie group structure induced by G n , which makes the inclusion map λ n : H n → G n an immersion and a C 
7.1
Being an injective linear map between locally convex spaces equipped with their finest locally convex topologies, L(λ) is a topological embedding (cf. [22, Prop. 7.25 
Note that every c Proof. If h = s, then for every n ∈ N we have L(
, where w = v clearly and thus exp G (Cv) = exp Hn (Cv) ⊆ H n ⊆ H, whence v ∈ h. Therefore s = h. 2
7.4
We now specialize to the case where H is a closed subgroup of G; if K = C, we assume that s := {v ∈ L(G) : exp G (Rv) ⊆ H} is a complex Lie subalgebra of L(G). Then the finitedimensional C ω K -Lie group structure induced by G n on its closed subgroup H n := G n ∩ H makes H n a closed C ω K -submanifold of G n (this is obvious in the real case, and follows for K = C using Lemma 7.3). For each n ∈ N, we give G n /H n the finite-dimensional C ω Kmanifold structure making the canonical quotient map q n : G n → G n /H n a submersion. T also in the categories of C ∞ K -manifolds, and the category of sets. Consider the quotient map q : G → G/H and the inclusion maps λ n : G n → G. For each n ∈ N, the map q • λ n factors to an injective map µ n : G n /H n → G/H, determined by µ n • q n = q • λ n . Then (G/H, (µ n ) n∈N ) is a cone over T , and hence induces a map µ : M → G/H. It is easy to see that µ is a bijection; we give G/H the c Proof. (a) Let x ∈ G/H; then there exists k ∈ N and y ∈ G k such that x = q(y). Define z := q k (y). Define r n := 1 + 2 −n for n ∈ N, and φ n : P → Q ⊆ H, where, for each n, the map φ n : P n → Q n ⊆ H n is a chart of H n around 1, defined on an open subset P n ⊆ K hn (where h n := dim K (H n )), P := n∈N P n ⊆ K t (where t := sup{h n : n ∈ N} ∈ N 0 ∪{∞}), and Q := n∈N Q n ⊆ H. By the proof of Part (a) of the present proposition, there exist charts ψ n : ∆
, and σ n • q n,m | Wm = σ m for all m, n ∈ N such that n ≥ m. Define V n := im(σ n )Q n ⊆ G n and
Since σ n is a section of q n , the map θ n is easily seen to be injective. Using the inverse function theorem, one verifies that V n is open in G n and that θ n is a C 
As the restriction of κ to a submanifold chart of H is the given chart φ of H, the submanifold structure and the above manifold structure on H coincide. If L(H) = 0, then the topology on the Lie group H is discrete and hence so is the topology on H as a submanifold of G, the induced topology.
(c) By construction, (G/H, (µ n )) = lim
Since each q n,m also is a homomorphism, Theorem 4.3 shows that there is a group structure on the c ω K -manifold G/H making it a Lie group, and such that each µ n becomes a homomorphism. This requirement entails that q : G → G/H is a homomorphism, whence the group structure on G/H is the one of the quotient group. For the second assertion, see 
with respect to these identifications. Now G being c ∞ K -regular and P simply connected, id : (b) Let (( G n ), ( λ n,m )), ( G, (Λ n )), π n : G n → G n , and π : G → G be as in Proposition 7.9. Because G is simply connected, the covering homomorphism π is an isomorphism. Hence G = G and Λ n = λ n • π n without loss of generality, where λ n : G n → G is the inclusion map. Now H and G n being BCH, the homomorphism 
Proof. We assume first that G is connected. Let p : G → G be the universal covering group of G and S be a simply connected complex Lie group with Lie algebra L(G) C . Let λ : L(G) → L(G) C be the inclusion map and κ : G → S be the unique c ∞ R -homomorphism such that L(κ) = λ. Set Π := ker(p) ∼ = π 1 (G) and let N ⊆ S be the smallest closed complex Lie subgroup such that κ(Π) ⊆ N. Let q : S → S/N =: G C be the canonical quotient map. Then there exists a c
where ker(η) is a closed, complex Lie subgroup of S by Lemma 4.4. Thus N ⊆ ker(η), and thus η factors to a c 
where c(t)(z) = z · f n (θ(t), τ 0 (t)) and b(t) = d 2 f n (σ 0 (t), τ 0 (t), •). Since b(t) ∈ L C (C dn , C dn ) actually for each t and c(t) ∈ L C (C, C dn ), we can interpret (5) also as a linear differential equation for L C (C, C dn )-valued functions. This implies that h(t) ∈ L C (C, C dn ) for each t, i.e., h(t) = d 2 u(t, 0, •) is complex linear. Hence Step 7: evol 2
